Function Spaces
End Semester Exam
Marks - 50, Duration - 3 Hours

1. [3 marks] Let M and N be subsets of R™. Define
M+N={z+y:xe M,ye N}.
Pick out the true statements:

(a) If M and N are closed subspaces, then M + N is a closed subspace.

(b) If M is an open set and if NV is a set, then M + N is an open set.

(¢) If M and N are compact sets, then M + N is a compact set.

2. [3 marks] Which of the following statements are true?

(a) Let A and B be two subsets of a metric space (M, d). If d(A, B) > 0, then there exist open sets
Uand V suchthat ACU, BCV,andUNV = ¢.

(b) Let f:(0,00) — (0,00) be such that |f(z) — f(y)| < 4|z — y| for all z,y > 0. Then f has a fixed
point.

(c) Let ¢, be continuous functions on [0, 1]. Let {f,}n>1 be a sequence in (C[0, 1], ||.||c) such that,
for all n, the functions f,, are continuously differentiable and |f,(x)| < ¢(x) and |f/ (z)| < ¥ (z)
for all z € [0,1] and for all n. Then there exists a subsequence of {f,},>1 which converges in

(€10, 1], [[-loo)-
3. [3 marks] Let f € C'[—m,n], the space of real-valued continuously differentiable functions on [—, ],
be such that f(—m) = f(m). Define

Qp = — f(t)cosntdt (n>1).
T

—T
Which of the following statements are true?
(a) The sequence {an}n>1 is bounded.
(b) The series Yo" n?|a,|? is convergent.

(c) The series Y > | |ay| is convergent

4. [3 marks| Let f : [—m, 7] — C be a continuous 27-periodic function whose Fourier series is given by

ag + Z(ak coskx + by sinkx) (ak, b € C).
k=1

Let for each n, the partial sum of the Fourier series is

Sp(x) :=ap + Z(ak cos kx + by sin kx).
k=1

and let Sy denote the constant function %*. Which of the following statements are true?



(a) s, — f uniformly on [—7,7].
(b) If o, = %, then o, — f uniformly on [—,7].
() [T lsn(t) — f(t)[*dt — 0, as n — oc.
5. [3 marks] Let f : [-m, 7] — C be continuous. Pick out the case(s) which imply that f = 0.
(

a) f(—t) = f(t) for all ¢t € [0, 7] and
! f()cosntdt =0 (n > 0).
(b) f(—t) = —f(¢) for all t € [0, 7], andﬂ
! f(t)sinntdt =0 (n > 1).

—Tr

(c)
f(t)cosntdt =0 (n>0) and f(@)sinntdt =0 (n>1).

—T —T

6. [5 marks| Suppose [ is a real-valued continuous function on (R™,||.||2) with the property that there is
a number ¢ > 0 such that |f(x)| > ¢||z||2 for all z € R. Show that if K is a compact subset of R, then

f7Y(K) is compact set in R".

7. [6 marks] Let (M, d) be a complete metric space. Assume that each f, : M — M has at least a fixed
point z, € M, that is, x, = f,(z,). Assume that f : M — M is a contraction. Show that if f,
converges uniformly to f, then x, converges to the fixed point f.

8. [3+4 marks| Let K(x,t) be a continuous function on the square [a, b] X [a, b].

:/%@K@ﬂﬁ

(a) Given f € Cla,b], show that

defines a continuous function in Cla, b].
(b) Define T : Cla,b] — Cla, b] by

—/%@K@ﬂﬁ

Show that 7" maps bounded sets into equicontinuous sets. In particular, T is continuous.

9. [7 marks] Prove that differentiability of f at a point implies convergence of its Fourier series at the
point.
10. [245+43 marks| Let f : [0,27] — R be a function defined by
f@)=(r—2)* (z€[0,2]).
(a) First extend f on R as a 2m-periodic continuous function and twice differentiable function on R.

(b) Show that the Fourier series of f is

w2 . cosnx
3 +4 Z nZ
n=1
Is the above series convergent uniformly on R? If it is true, then what is the limit?

(¢) Prove that
72 =1
E = Z ﬁ.
n=1
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